This paper aims to contribute to validate, for numerical semigroups of reasonably large genus, the so-called Conjecture of Wilf. There is no counter-example for the conjecture among the over 3 · 10 10 numerical semigroups of genus up to 60, as it has been computationally verified by Fromentin and Hivert. The computations use the idea of parsing a semigroups tree, making tests in each node. As a mean to combine parsing of the semigroups tree with known theoretical results, we introduce the concept of cutting semigroup.
Introduction
A numerical semigroup is a co-finite submonoid of the additive monoid of nonnegative integers N. Most of the general facts simply referred as well-known in this text are proved (or conveniently referenced) in a book by Rosales and García-Sánchez [33] . For instance, it is well known that a numerical semigroup has a unique minimal set of generators, which is finite. For an instant denote its cardinality by k (later, the commonly used nomenclature embedding dimension will be introduced). The positive integers not belonging to a numerical semigroup are its gaps; for the moment call them omitted values. The number of omitted values (later called genus) is denoted by Ω. Since a numerical semigroup S is a co-finite subset of the set of nonnegative integers, there exists the greatest integer that does not belong to S. It is called the Frobenius number of S, and its successor (which happens to be the least element of S such that all the integers greater than it belong to S) is the conductor of the semigroup. It is denoted χ.
This paper is part of a bigger project involving experiments with numerical semigroups, most of them motivated by questions raised by Wilf in 1978. In this section we recall those questions, explain where the theory developed here fits into the project and give an outline of the present paper. 1 . 1 . Questions raised by Wilf. In the last paragraph of [35] , Wilf posed two problems:
(a) Is it true that for a fixed k the fraction Ω/χ of omitted values is at most 1 − (1/k) with equality only for the generators k, k + 1, . . . , 2k − 1? (b) Let f (n) be the number of semigroups whose conductor is n. What is the order of magnitude of f (n) for n → ∞? These problems attracted the attention of many researchers, with an outcome of several high quality papers. A few comments on both problems follow.
Comments on Problem (a). The first part of Problem (a) is nowadays known as Wilf's conjecture. A result of Sylvester gives counter-examples for the second part (see Remark 2.3); apparently Wilf forgot it. Recently I wrote a survey on Wilf's conjecture (see [12] ) which, in particular, recalls many of the results one can find in the literature.
As any problem that attracts the interest of many researchers during a considerable amount of time, Problem (a) gives rise to other related problems which are interesting themselves. One of these problems was posed by Eliahou [17] , is object of active research (see [11, 21] ) and is also one of the motivating sources for the present work.
Researchers are nowadays convinced that the equality referred by Wilf occurs only for two specific families of semigroups (see [30, Quest. 8] ), but, to the best of my knowledge, it has never been stated as a conjecture. In Section 4.3, we will refer it as the 0-Wilf problem.
Comments on Problem (b). The second of the problems posed by Wilf and stated above, Problem (b), is on counting numerical semigroups. One could say that it is a problem on counting by conductor (or, equivalently, by Frobenius number). For instance, Backelin [1] has considered it. In [32] one can find the number of numerical semigroups with Frobenius number up to 39. Due to some conjectures raised by Bras-Amorós [4] , the main interest moved to counting numerical semigroups by genus. As will be referred later, there are satisfactory answers to some of the conjectures by Bras-Amorós. Kaplan wrote a survey on the theme that is worth to read (see [29] ).
Possibly motivated by Bras-Amorós works [7, 5] (see also [23] ), the computational approaches to this problem (see [26, 8] ) are based on exploring a certain tree of numerical semigroups. We do not escape from it. 1 . 2 . This paper as part of an experimental project. Most of the theory related to a bigger experimental project is developed in the present paper. It roughly consists of putting together several rather simple ideas. Many of them are either directly suggested by the computations meanwhile done or appeared as a result of research that the computations revealed as necessary.
The focus was on probing some conjectures on numerical semigroups up to some genus, as well as finding examples of numerical semigroups satisfying very special properties. This increases the knowledge on the semigroups satisfying those properties and can ultimately contribute to characterize the families they define. Many researchers have spent some time dealing with these kinds of problems, and various experimental results appear in the literature. The records stay presently around genus 60 or 70 (see, in particular, Section 3.1).
The starting question for this project can be stated as "How to integrate theoretical (possibly deep) results to reduce the search space for the examples?". Having a satisfactory answer to this question, the will to break the records known appears naturally and that constitutes the more computational and experimental aspect of this project. The development of some theory and the different aspects just referred to have been developed simultaneously, with mutual benefits to all of them.
The development of some theory and the alignment of some ideas is presented here, as referred. Other aspects are to appear in different works. A summary follows.
One of the aspects is the development of some software in GAP [27] . Observe that the computational system GAP has its own high-level programming language (which is an interpreted language, not surprisingly called GAP). One should note that using a high-level programming language has big advantages on the production (and verification) of code, but one can not expect it to be fast, when compared with highly optimized programs produced using lower-level code. The code produced will be available in the form of a GAP [27] package [14] , following all the standards of a GAP package, namely in what concerns the documentation. It consists of pure GAP code, and is to be proposed to the GAP Council for distribution as a standard GAP package. The development version of this open-source software will be available in GitHub. Another aspect is of experimental nature [15] . It consists mainly of experiments made using the software developed. In particular, many of the tables produced are presented there. They point to an asymptotic behaviour of some of the sequences of numbers obtained, which leads to questions that may be worth to consider.
One question that the reader naturally poses is whether the ideas presented may lead to performing tests for numbers significantly bigger than the already known ones (without increasing the time or computational means). Here is where another aspect of the project comes into play: produce and use fast implementations. This was achieved with Jean Fromentin [16] , and some of the previous records were pulverized. 1 . 3 . Structure of the paper. Besides this introduction where motivating questions due to Wilf are stated and some explanation on where this paper fits into a bigger project is given, the paper is divided into several sections whose content is summarized in what follows.
In Section 2, some concepts and general notation that will be used along the paper, are introduced. Among these concepts is the semigroup tree.
Then, in Section 3, we identify a search space for (counter) examples. It consists of the numerical semigroups with genus up to a given number and is tightly related to counting numerical semigroups by genus. A tree of numerical semigroups is commonly used to that effect; the search space is obtained by truncating the tree at a certain level.
Motivating problems, most of them well known to the researchers in the area, are stated in Section 4; then computational challenges associated to those problems are drawn.
Some results on semigroups generated by the elements to the left of the conductor appear in Section 5. These results are then used in Section 6, which is the heart of the paper. That section is about the integration of theoretical results in a process of trimming the numerical semigroups tree as a way of tackling the computational challenges previously proposed.
Section 7 is also dedicated to trimming, but this time truncated trees. In any case, the trimming is made according to the challenge in mind.
A few technical details are presented in Section 8, the last in the paper.
Some of the examples presented involve computations with numerical semigroups.
The examples have been chosen so that the reader can easily do the verifications by hand. In some cases, GAP sessions are included to illustrate them. We encourage the readers who have at their disposal a working version of the numericalsgps [10] GAP [27] package to adapt the commands used in these GAP sessions to produce their own examples possibly involving bigger numbers.
From time to time I express some opinions which I see as being of a rather personal nature. In those cases I avoid using the colloquial we which is generally adopted along the paper.
Generalities
The letter S is used to denote a numerical semigroup. We often follow the quite common simplifying practice of writing S instead of explicitly saying that S is a numerical semigroup.
The sets of integers considered in this paper are endowed with the usual order and thought as being discrete sets in an horizontal line. For integers a and b, sentences like "a is to the right of b" will be freely used with the usual meaning "a > b".
Notation and terminology used in various parts of the paper are introduced below. Most of it is commonly used in the literature. A few well-known remarks are recalled. Some more notation appears later, as the necessary concepts are introduced.
The second part of this section is devoted to the numerical semigroups tree. A construction is recalled and a few observations on its exploration are made.
2.1. Common notation and terminology. For a set X of positive integers, X denotes the submonoid of N generated by X. It is well known that X is a numerical semigroup if and only if the elements of X are globally coprime, that is gcd(X) = 1. The notation X t is used to represent the smallest numerical semigroup that contains X and all the integers greater than or equal to t. We will refer to it as the semigroup generated by X truncated at t. As usual, |X| denotes the cardinality of a set X. Occasionally (integer) interval notation will be used: for instance, [a, b] is used for [a, b] ∩ Z. For a given integer n, the infinite interval {x ∈ Z | x ≥ n} is denoted {n, →} instead, as is common in the area.
Recall that a numerical semigroup S has a unique minimal set of generators, which is finite. Its elements are the minimal generators of S, also known as primitives of S (the latter is the terminology adopted in the present paper). The set of primitives of S is denoted P(S), or simply P, when there is no possible confusion. A non primitive element of S \ {0} is called decomposable.
Remark 2.1. Let S and S be numerical semigroups with S ⊂ S and let p ∈ S ∩ P(S). Then p ∈ P(S ).
Proof. Suppose that p is decomposable in S . Then it is decomposable in S (with the same decomposition).
The cardinality of P(S) is said to be the embedding dimension of S. It is denoted e(S). The notation is frequently simplified to e, as long as there is no possible confusion.
Recall that the conductor of S is the smallest element of S such that all integers to its right belong to S. It is denoted by χ(S), or simply by χ. The Frobenius number of S is χ(S) − 1 and is denoted F(S).
The multiplicity of S is the least positive element of S. It is denoted by m(S), or simply m. It is well known that e(S) ≤ m(S); when equality occurs, S is said to be of maximal embedding dimension.
The depth of S is the integer h(S) = χ(S)/ m(S) . It gives a measure of how large is the multiplicity of a numerical semigroup when compared to its conductor (or, in other words, how little is the conductor when compared to the multiplicity). This important parameter appears, for instance, in [22] . Another parameter associated to a numerical semigroup that can be defined similarly is d(S) = m(S)/ e(S) . We will call it the density of S. It gives a measure of how large is the embedding dimension of a numerical semigroup when compared to its multiplicity (or, in other words, how little is the multiplicity when compared to the embedding dimension).
The set of left elements (respectively left primitives) of S consists of the elements (respectively primitives) of S that are smaller than χ(S). The set of left elements is denoted by L(S), or simply by L. Occasionally the set of left primitives of S will be denoted LP(S). The number of left primitives of S is said to be the left embedding dimension of S. It is denoted le(S), or simply le.
The set of small elements (respectively small primitives) of S consists of the elements (respectively primitives) of S that are smaller than or equal to χ(S).
The terminology right elements (respectively right primitives) and big elements (respectively big primitives) is used with similar meanings. The notation BP(S) for the big primitives of S will occasionally be used.
To avoid confusions, we would like to stress out that left is used for strictly smaller than the conductor, while the use of small is for smaller than or equal to the conductor. We use right and big with similar subtle differences. This terminology is not original, unfortunately not always used with the same meaning by not taking into account the subtlety referred to. Our option fits the terminology in the GAP package numericalsgps [10] , where small elements are used (they even serve to define a numerical semigroup), and by Eliahou who, interested in Wilf's conjecture (stated in terms of Wilf's number (see page 14)), used the left elements. 6 Pictures usually help me to understand individual (and also some families of) numerical semigroups. The numerical semigroups S = 7, 11, 37, 38, 41 and T = 7, 18, 34, 37, 38, 40 are depicted in Figure 1 . The images were obtained automatically with the GAP package intpic [13] ; the number of columns is the multiplicity of the semigroup. The elements of the semigroup up to χ + m −1 are in the coloured cells. The primitives and the conductor are further highlighted: they are in gradient coloured cells.
It is worth to observe that the height of the image representing a semigroup is its depth plus 1. Both semigroups in Figure 1 are of depth 5 = 35 7 = 34 7 . It is this relation between depth and height that leads us to use h(S) for the depth of S.
The density of the semigroup tells how dense is the set of columns containing primitives (one at most) in the set of all columns. 35 The numerical semigroup N has embedding dimension 1. All other numerical semigroups have embedding dimension at least 2. The multiplicity of N is 1 and its conductor is 0. Therefore its depth is 0. Its single primitive, 1, is a big primitive. It follows from the definitions that the multiplicity of a numerical semigroup other than N does not exceed its conductor. Note also that N is the only numerical semigroup with no left elements, and a single small element, 0.
A positive integer that does not belong to S is said to be a gap of S (omitted value in Wilf's terminology). The cardinality of the set of gaps of S is said to be its genus and is denoted by Ω(S), or simply by Ω, when S is understood.
It is well known (see [33, Lemma 2.14] ) that the genus Ω of a numerical semigroup is no smaller than χ /2. For further reference we state it as a remark.
Remark 2.2. With the notation above, the following holds: χ /2 ≤ Ω.
In the case of a numerical semigroup S = a, b with embedding dimension 2, a very nice result of Sylvester says that χ(S) = (a − 1)(b − 1) and that Ω(S) = χ(S)/2. Consequently, for semigroups of embedding dimension 2, one has Ω(S)/ χ(S) = 1/2 = 1 − 1/2 and the following remark can be stated. (Recall that Wilf denoted by k the embedding dimension, which in the present case is 2.) Remark 2.3. Wilf's equality holds for numerical semigroups with embedding dimension 2.
In particular, numerical semigroups with embedding dimension 2 satisfy Wilf's conjecture.
2.2.
A tree of numerical semigroups. Consider the directed graph whose set of vertices (also called nodes) consists of all numerical semigroups, and whose edges are as follows: there is an edge from a semigroup S 1 to a semigroup S 2 if the latter is obtained from the former by removing one element (which is necessarily primitive).
It is well known (see [33, Prop 7.1] ) that starting with N as root and considering at each node the descendants obtained by removing big primitives (recall that these primitives are greater than the Frobenius number) one obtains a tree. It happens that this tree contains all vertices of the above defined graph, that is, all the numerical semigroups occur as vertices of this tree. A tree that contains all vertices of a graph is usually called a generating tree of the graph. This particular generating tree is frequently referred to as the tree of numerical semigroups. It is widely considered in the literature (see, for instance, [7, 23] ). We will call it the classical tree of numerical semigroups. Sometimes we use some abbreviated form by omitting one (or both) of the terms "classical" or "numerical", for short. I am quite unsure on whether this tree always plays a more important role in the theory of numerical semigroups than any other generating tree, but the simplicity and beauty of its construction, leaves our mind not open enough to seriously consider alternatives. Terminology coming from Graph Theory used in the present paper refers to this tree or some of its subtrees, as should be clear from the context.
When a numerical semigroup S 2 is obtained from a numerical semigroup S 1 by removing a big primitive, we say that S 2 is a child of S 1 . A numerical semigroup with no children is a leaf. A few terms from Graph Theory, such as parent or descendant, will be used freely. Note that if S 2 = N, then F(S 2 ) is a big primitive of S 2 ∪ {F(S 2 )}. It follows that S 1 is the parent of S 2 in the numerical semigroups tree if and only if S 1 = S 2 ∪ {F(S 2 )}.
It will be used the notation S T , or T ≺ S, meaning that the numerical semigroup T descends from S. As usual, S T means S T or S = T ; similarly, S T means S ≺ T or S = T . With the notation introduced, we have that S T if and only if there exists a finite sequence of numerical semigroups
Note that the sequence χ(S 0 ) > χ(S 1 ) > · · · > χ(S r ) of the associated conductors is decreasing and that the sequence Ω(S 0 ) > Ω(S 1 ) > · · · > Ω(S r ) of the associated genera is increasing. We summarize it in the following remark. Before proceeding, with the purpose of gaining familiarity with the concepts introduced, let us look at an example of a subtree rooted by a numerical semigroup. Figure 2 is a pictorial representation of the tree rooted at S (which happens to be finite). The root is on the top and the big primitives are highlighted. The semigroup 5, 8, 19, 22 is a descendant of 5, 9, 11, 12, 14 , which has two children, while 5, 8, 17 is a descendant of the same semigroup with no children (it is a leaf).
For a given positive integer m, the numerical semigroup O m = m, . . . , 2m − 1 is called the superficial semigroup of multiplicity m, following the terminology used by Eliahou and Fromentin [22] , since the O m are exactly those numerical semigroups of depth 1 (ordinary is the terminology commonly used in most of the literature presently available; half-line was used by Rosales and García-Sánchez in [33] ). Note that O 1 = N.
From the above, we see that the classical tree of numerical semigroups can be constructed by successively removing big primitives (assuming that entering infinite paths is not permitted -exploring in a breadth first manner is appropriate; if one wants to explore in a depth first manner, a maximum level should be fixed in advance). A way to perform this construction, which is suitable for exploring in parallel, is the following. First construct a forest consisting of trees rooted by superficial semigroups, then turn this forest into a tree by connecting the roots of the trees in it. As the subtrees rooted by distinct superficial semigroups have no common nodes, one can explore the tree in parallel by launching one process for each of these subtrees.
A superficial semigroup of multiplicity m, O m , is the root of a tree constructed as follows: the children of each node are obtained by removing big primitives greater than m. Denote this tree by T m . The set of vertices of T m is precisely the set of all numerical semigroups with multiplicity m. Excepting T 1 , which has a single node, N, all these trees are infinite.
The classical tree of numerical semigroups is then obtained as a disjoint union of the T m by turning it into a connected graph through the addition of the edges
Note that O m+1 could now be seen as a result of removing from O m the big primitive m (the only big primitive that had not been removed in the construction of T m ).
By using this construction, the numerical semigroups can be naturally disposed into levels: a child of a semigroup at level is at level + 1. Note that all the semigroups in a given level have the same genus. Let us fix a level for the root, N, (and consequently to all numerical semigroups): the root is at level 0. By making this choice, the level of a semigroup in the classical tree is precisely its genus. Thus, the level of the root O m of the tree T m ) is m − 1.
Observe that the above construction involves, at each node, the determination of the primitives of each child, since these will be used to obtain the grand-children. This basically amounts to check, for each big primitive p, whether p + m is primitive. One finds in the literature several attempts for an efficient way of doing this (see [26, 8] ; see also [15] ).
We will vaguely refer to the construction of some subtree of the classical tree of numerical semigroups as exploring it. When some computation has to be made for each node (testing Wilf's conjecture, for instance) we think on it as being part of the exploration. This is the method used for exploring the numerical semigroups tree, or any of its subtrees, considered in this paper (so as it is in most of the literature I am aware of (e.g. [26, 8, 23, 6] ); exceptions are [3, 2] ).
The following remark is similar to one by Bras-Amorós [5, Lemma 3] , where the interest was in big generators (effective generators in her terminology). Her proof can easily be adapted to our case. The inclusion of one proof here serves the purposes of completeness and of giving the reader the flavour of what is in cause. Proof. Clearly all primitives of S besides p are primitives of S . As p is the Frobenius number of S and, as is well-known, none of the primitives of a numerical semigroup exceeds its Frobenius number plus its multiplicity, the only element of S that is possibly not obtainable as a linear combination of the primitives of S that also belong to S is p + m(S).
Corollary 2.7. The embedding dimension of any semigroup in the classical tree of numerical semigroups is either the embedding dimension of its parent or one less.
As an immediate consequence we have that the embedding dimension decreases along a path in the semigroups tree. For further reference, we state the following remark. As another immediate consequence of Corollary 2.7 we have that for a path of some length k in the semigroups tree starting in a semigroup S, the semigroup S at the other end of the path has embedding dimension e(S ) ≥ e(S) − k. The equality can occur, for any given positive integer k, as stated in the following remark. It is a consequence of Remark 2.9.
Remark 2.9. Let k be a positive integer. There exists a numerical semigroup S that has a descendant S such that e(S ) = e(S) − k and any semigroup in the path from S to S (besides S itself) has embedding dimension one less than its parent.
An explicit example follows. Set m = 2k + 1, and let
Consider the sequence of length k defined recursively as follows:
, we conclude that the embedding dimension decreases along the sequence. Figure 3 illustrates the above example with k = 4. 39 40 41  24 25 26 27 28 29 30 31 32  15 16 17 18 19 20 21 22 23  6  7  8  9 10 11 12 13 14  0  1  2  3  4  5   34 35 36 37 38 39 40 41 42  25 26 27 28 29 30 31 32 33  16 17 18 19 20 21 22 23 24  7  8  9 10 11 12 13 14 15  0  1  2  3  4  5  6   35 36 37 38 39 40 41 42 43  26 27 28 29 30 31 32 33 34  17 18 19 20 21 22 23 24 Figure 3 . A descendant with much smaller embedding dimension.
A search space
In this section we identify a good search space for probing conjectures on numerical semigroups or finding examples of semigroups satisfying some given property. Such a space should fulfil some requirements, for instance being large and not consist of semigroups satisfying some (possibly restrictive) property known a priori.
A subsection is devoted to recall some known (asymptotic and experimental) results and to the presentation of some expected values. This motivates the choice of the search space, which is the subject of the second and last subsection.
3.1.
Counting numerical semigroups by genus. Related to counting by genus, some conjectures by Bras-Amorós [4] captured the interest of many researchers. One of her conjectures was (the presently known fact) that the sequence N (g) of the numbers of numerical semigroups of genus g shows an asymptotic Fibonacci like behaviour. This implies an exponential growth (from some unknown point on), although (to the best of my knowledge) it has not yet even been proved that the sequence N (g) grows with g.
3.1.1.
Asymptotic results due to Zhai. Denote by N (g) the number of numerical semigroups of genus g. The following result was conjectured by Bras-Amorós [4] and later proved by Zhai [36] .
As already referred, the survey by Kaplan [29] gives an excellent account on counting numerical semigroups by genus, including a good outline of the strategy followed by Zhai.
The golden number ϕ = 1+
is approximately 1.618. In particular, ϕ > 1. 61 . Thus Zhai's result implies that from a certain (unknown) point g 0 on one has that, for g > g 0 ,
Denote by t(g) the number of numerical semigroups of genus g such that χ ≤ 3 m. As an ingredient to be used in the proof of Theorem 3.1, Zhai proved the following result, which had been conjectured by Zhao [37] . It says that asymptotically as the genus goes to infinity, the proportion of numerical semigroups such that χ ≤ 3 m tends to 1.
[36] With the notation introduced, lim g→∞ t(g)
This result led Eliahou and Fromentin [20] to introduce the following terminology. Perhaps other equally important families of numerical deserve the same name (see Problem 4.13) . Nevertheless, this terminology, which is particularly relevant in Section 4, will be used along this work. 3 .1.2. Experimental results. The number g = 70 is the biggest one for which N (g) is presently known (to the best of my knowledge). It was obtained by Fromentin and Hivert and they made it public through a page on GitHub (see [25] ). Let Θ(Γ) = Γ g=0 N (g) be the number of numerical semigroups with genus not greater than Γ. The number Θ(70) can be obtained summing up the numbers N (g) (0 ≤ g ≤ 70) that appear in the web-page referred above [25] . Let Γ 0 be the biggest g for which N (g) is known. Note that, by Remark 3.5, it is not smaller than 70. The following question is related to counting.
Question 3. 6 . Let Γ be a positive integer non smaller than Γ 0 + 1. What is the number of numerical semigroups with genus Γ (or up to Γ)?
What values for Γ make the above problem really challenging? This leads to the problem of giving an approximation to the expected time required to compute N (Γ) (or Θ(Γ)).
(Approximated) expected numbers.
As a naive approximation one may think that the time involved in the computations is constant for each semigroup. Better approximations, namely that take into account the magnitude of the integers that can be handled fast by, say, a 64 bit processor, are beyond the scope of this paper. Using the referred naive approximation, this problem on computing time is reduced to find reasonable approximations to the number of semigroups involved, and the time required by some particular computation.
Assumption. Assume that, for some positive integer κ, the number N (κ) is known and also that N (g + 1) ≥ 1.61 · N (g), for g ≥ κ. (This is a reasonable assumption, by the result of Zhai referred above, since 1.61 is smaller than the golden ratio). Then N (κ+ε) ≥ 1.61 ε N (κ), for any nonnegative integer ε. As already referred the sequence of the numbers of numerical semigroups counted by genus grows exponentially (from a certain point on).
The remaining part of this subsection is about approximations for N (100) and θ(100).
Taking ε = 30 one has the following approximation: 1.61 30 ∼ 1 602 419. Suppose that for κ = 70 the above assumption holds. Then, using remark 3.4 , one gets the approximated expected value: The same kind of reasoning can be used to obtain an approximation for the number of semigroups up to a certain genus:
Observe that one has the following approximation 1.61 + · · · + 1.61 30 ∼ 2 626 915 Again, suppose that for κ = 70 the above assumption holds, and use Remark 3.5. The following expected value for Θ(100) is obtained. [26] computed N (67) in 18 days. They provide complexity details and a full analysis of the technologies used. Let us assume that better technologies are available, faster algorithms are found or that some improvements in the implementation can be made. (See Section 8 for a reduction that had not been used and can expectedly reduce the time in about one half.) Being rather optimistic, suppose that one is able to compute N (70) in one day. From the above discussion one sees that computing N (100) would take 1 602 419/365 ∼ 4390 years. One can not be so optimistic as to expect that during this time no power failure will occur.
Comments on the time required by computations. Fromentin and Hivert

3.2.
A search space. This subsection is devoted to identify a reasonable search space for probing conjectures, which is the main aim of our project. Such a space should fulfil, at least, the following two requirements: be as big and be as free as possible. These requirements are to be seen in the following sense: consist of a large number of numerical semigroups which globally satisfy very few properties, apart from being numerical semigroups.
Two bad examples follow. The first of them is simple and this paper already contains enough information to completely understand it. The second is more elaborate and a complete understanding requires the knowledge of deeper results (some theoretical and one experimental); a reader who is not familiar with this topic may have to wait until Section 4.2 to fully understand it. Next we give an example that we consider to be good. It is the one that will be used in this paper. Denote by S the set of numerical semigroups and, for each g ∈ N, denote by S g the set of numerical semigroups of genus g and by S ≤g the set of numerical semigroups of genus up to g.
Example 3. 10 . Fixing some integer Γ between 60 and 100, say, the set S ≤Γ seems to be a reasonable search space to consider. It is big, by the discussed above. Also, we are not aware of any (non artificially produced) family of numerical semigroups that has been considered by the researchers in the area all of whose elements have genus greater than 100, which leads us to consider S ≤Γ a rather free space. Furthermore, as S = ∪ g∈N S g , increasing Γ, if necessary, any non universal property has a counterexample in S ≤Γ .
Another space could be obtained using the conductor (instead of the genus). Note that there are algorithms to determine the numerical semigroups with a given conductor (or a given Frobenius number). One implementation of such an algorithm may be found in the numericalsgps package (the command is NumericalSemigroupsWithFrobeniusNumber). Due to Remark 2.2 these spaces are quite similar.
The choice made in what concerns this project has been based on the genus: the search space will be S ≤Γ , for some Γ between 60 and 100. 13 The only reasons for this choice, between the two options just pointed out as being good, are that (to the best of my knowledge) more easily applicable results are known and more (high performance) software has been developed for computations dealing with the genus.
Observe that S ≤Γ consists of the semigroups in the upper part of the semigroups tree truncated at level Γ (which corresponds to cutting the nodes that consist of semigroups of genus bigger than Γ). We denote this finite tree by T Γ .
We do not know whether the search space chosen, S ≤Γ , is more adequate than the set of numerical semigroups with Frobenius number up to f , S [≤f ] , in what concerns possible reductions or even the performance, in practice, of the algorithms involved. Trying to get a better understanding of this aspect is left as problem.
Problem 3. 11 . Mimic our project (for which this paper is part) by taking the set S [≤f ] as search space instead of the set S ≤Γ (for some positive integers f and Γ).
Motivating problems and results
This section includes some motivating and very challenging problems. All of them have connections with the first problem posed by Wilf and are currently subject of active research.
The first problem is precisely Wilf's conjecture. The second one is a problem posed by Eliahou in a paper where he proved that no generic semigroup disproves Wilf's conjecture. Then we dedicate a subsection to the problem of determining for which numerical semigroups does Wilf's equality hold. Another problem is of asymptotical nature: a positive answer would show that a recent result by Eliahou showing that semigroups with embedding dimension no smaller than a third or the multiplicity are Wilf is another asymptotic proof of Wilf's conjecture.
All these problems have associated computational challenges, some of which are then explicitly posed. These challenges will, to some extent, be addressed in the remainder of the paper.
4.1.
Wilf 's conjecture. To a numerical semigroup S one can associate the following number, denoted W(S) and called the Wilf number of S:
We say that a numerical semigroup is a Wilf semigroup (or simply that it is Wilf ) if and only if its Wilf number is non negative. Wilf 's conjecture can be stated as follows (it is a simple exercise to verify that Wilf's conjecture is valid if and only if the first part of Wilf's Problem (a), stated in Section 1.1 has a positive answer): As mentioned, the conjecture is a quite popular topic among the researchers in the area, and considerable work has been done. For the purpose of this paper, I just refer three particular cases, which happen to be of high relevance. References to a number of other particular cases can be found in [12] .
Fromentin and Hivert verified computationally the conjecture for the 33 474 094 027 610 semigroups of genus up to 60. Kaplan [28] proved that all numerical semigroups with χ(S) ≤ 2 m(S) are Wilf. Using as main ingredient a theorem of Macaulay on the growth of Hilbert functions of standard graded algebras, Eliahou extended that result to the case χ(S) ≤ 3 m(S): One can also suggestively refer the above result by saying that semigroups of small depth are Wilf, where "small depth" should be understood as "depth ≤ 3".
Another deep result of Eliahou is stated next. It involves the embedding dimension, another of the invariants present in most of the literature on numerical semigroups. In his proof, Eliahou uses the elements of a numerical semigroup to associate a graph to it. Then, graph theory intervenes in a non trivial way, namely by using the notion of vertexmaximal matching. The result obtained improves one of Sammartano [34] which states that a numerical semigroup such that |P| ≥ m/2 is Wilf. A suggestive way to refer to this result is by saying that semigroups of large embedding dimension (with respect to the multiplicity) are Wilf. Recall that the embedding dimension of a numerical semigroup does not exceed its multiplicity, which motivates the use of the term "large".
The above results, especially Theorem 4.4, play a crucial role in our project, as will become apparent from the remaining of the paper. Then the conductor of the semigroup m, nm+1, . . . , nm+m−1 is nm. Thus, the infinite set { m, nm+1, . . . , nm+m−1 : n ≥ 4} consists of semigroups whose depth is greater than 3.
An infinite family of generic and small embedding dimension is given in the following example, borrowed from [12] where details may be found. Figure 4 give a pictorial representation. It is easy to check that P(
Thus one concludes that, for m > 15, S m is not of large embedding dimension.
The above example shows, in particular, that there are infinitely many semigroups that Theorem 4.3 guarantees to be Wilf while Theorem 4.4 does not provide such guarantee.
4.2.
A problem by Eliahou. Eliahou semigroups are defined in a way that is similar to the one we used to define Wilf semigroups. Recall that the integer h = χ / m is called the depth of the numerical semigroup. Denote by ρ = h · m − χ the (negative) remainder of the division of the conductor by the multiplicity. The set of decomposable elements in the interval of length m starting in χ (which Eliahou suggested to name the threshold interval )
To a numerical semigroup S one associates the following number denoted E(S) and called the Eliahou number of S:
A numerical semigroup is said to be an Eliahou semigroup if its Eliahou number is non negative. An important feature of Eliahou semigroups is given by the following proposition. Note that Theorem 4.3 is an immediate consequence of the two propositions above. This reflects in fact the strategy followed by Eliahou to obtain that great result.
The converse of Proposition 4.8 does not hold. In fact, up to genus 60 there are 5 non-Eliahou semigroups (obtained using exhaustive search by Fromentin, as referred in [17] ). It is currently known that there are infinitely many non-Eliahou semigroups (Delgado [11] , Eliahou and Fromentin [21] ). One even knows that for any given integer there are infinitely many semigroups whose Eliahou number is that integer (see [11] ). All of those known non-Eliahou semigroups have been proven to be Wilf. A most probably very difficult problem is open. From the above discussion, it is reasonable to expect that the characterization Problem 4.10 asks for would give a huge contribution to the solution of Wilf's conjecture. We will refer to this question as the 0-Wilf problem. Moscariello and Sammartano observed that the 0-Wilf problem has no negative answer among the numerical semigroups up to genus 35. (They used to this effect the package numericalsgps, which may be seen as general purpose software. Bigger numbers will be provided in the experimental parts of this project.)
Kaplan [28, Prop. 26 ] has shown that Problem 4.11 has a positive answer in the case of numerical semigroups whose multiplicity is at least half of the conductor. The same holds for numerical semigroups of depth 3 (see a remark by Sammartano in [17, Rem. 6.6] ). In other words, there is is no negative answer for the 0-Wilf problem among generic semigroups. 
4.4.
Consequences of an asymptotic result and a related problem. We recall Theorem 3.2, an asymptotic result due to Zhai. The following notation was used: given a positive integer g, t(g) denotes the number of generic semigroups of genus g and N (g) denotes the total number of semigroups of genus g. Zhai's result says:
In this sense, asymptotically, all numerical semigroups are generic. A natural question is whether there is an asymptotic result similar to Theorem 3.2, but considering the number of semigroups of large embedding dimension rather than the generic ones. More precisely: Experiments suggest that the answer to Problem 4.13 is in fact positive. Table 1 collects some numbers: for each g ∈ N non greater than 45 it indicates the number N (g) of numerical semigroups and the number led(g) of those among them with little embedding dimension (that is, satisfying e < m /3). Summing up the columns led(g) and N (g), one gets that there are 202 491 numerical semigroups of little embedding dimension among the 23 022 228 615 numerical semigroups of genus up to 45. The quotient 202 491 23 022 228 615 , approximately 8.8 · 10 −6 , is rather small. (For longer tables see [15] . ) The search for an asymptotic result concerning embedding dimension as the one referred in Problem 4.13 is clearly a theme for possible future work. 0  1  1 12  592  0 24  282 828  4 36  109 032 500  1298  1  1  0 13  1001  0 25  467 224  11 37  178 158 289  2096  2  2  0 14  1693  0 26  770 832  11 38  290 939 807  3267  3  4  0 15  2857  0 27 1 270 267  17 39  474 851 445  5058  4  7  0 16  4806  0 28 2 091 030  26 40  774 614 284  8073  5 12 0 
4.5.
Challenges. Section 4 gives rise to several challenges that are worth to consider from computational and experimental points of view. Before developing some theory, which will happen in later sections, we will list the ones we want to consider.
In what concerns the counting of all numerical semigroups up to a given genus, a challenge was already presented in Question 3. 6 .
Counting in other classes of numerical semigroups is also of high interest. For instance, Eliahou and Fromentin [19] Related with Problem 4.13, one may ask for the number of numerical semigroups of some given genus with large embedding dimension, that is, d ≥ m /3. Up to genus 45 Table 1 provides the answer (since, for each genus g, the desired number is N (g) − led(g)). Another natural challenge, this related to Problem 4.11, is the following: Question 4. 18 . Let Γ be a positive integer non smaller than 35 . Is there any non-superficial numerical semigroup with embedding dimension greater than 2, Wilf number 0 and genus up to Γ? 4. 6 . The need of reducing the search space. In Section 3. 1.4 we referred that, as there are many numerical semigroups with genus up to 100, counting them using the available means would take no less than 4000 years.
And what happens if in addition to counting one wants to test some property (for instance "is Wilf") for all those semigroups? It may happen that, using an appropriate encoding (see Section 8.2) testing a property is not very time consuming. But even assuming that it costs no extra time, obtaining computational results up to genus 100 without reducing the search space is out of reach.
This paper aims to be a contribution to, through the integration of theoretical results, reduce the search space (depending on the property under consideration).
When the property in cause is "is Wilf", that is, when considering Question 4.16, Γ = 100 is reachable. Due to Theorem 4.4, only searching among numerical semigroups of low embedding dimension is involved. For records, or updated values, see [16] .
All other questions stated in the present section involve searching among non-generic semigroups, which seems to require more costly computational tasks. This leads us to be not so optimistic as in the case of Wilf's conjecture for which we can use the cheap operation of looking to the number of primitives. Nevertheless, a lot can be done.
Left elements
This section is elementary and could appear well before in this paper. Our option has been to put it near the place where the results contained in it will start to be used. It collects some observations on left elements or left primitives and the semigroup they generate.
As usual, S is an arbitrary numerical semigroup. Recall that the set of left elements of S consists of the elements to the left of the conductor, that is, L(S) = S \ {χ(S), →}. Recall also that the number |LP(S)| of left primitives is called the left embedding dimension of S and is denoted le(S). As LP(S) = LP(S) , both ends of the chain (4) are equal, and the result follows.
It follows from the definitions that a numerical semigroup consists of its left elements and all the integers non smaller than the conductor. It is also clear that S = L(S) ∪ O χ(S) = L(S) χ(S) . Using Lemma 5.1, we can write the following remark: Recall that a leaf is a numerical semigroup with no big primitives. Thus, a leaf is generated by the left primitives. By Lemma 5.1, we can write the following: If S is not a leaf, then the child of S obtained by removing the smallest big primitive clearly has the same left primitives as S. The process can be repeated for a chain of descendants, as the following remark states.
Remark 5. 5 . Suppose that S has some big primitive and let S = S 0 S 1 · · · S r be a chain of descendants of S such that S i = S i−1 \ {min(BP(S i−1 ))} (1 ≤ i ≤ r). Then LP(S i ) = LP(S), for all 1 ≤ i ≤ r.
Lemma 5. 6 . Let S and S be numerical semigroups. If S S, then L(S) ⊆ S .
Proof.
The result is obvious if S = S. Suppose that S ≺ S. There exists a finite sequence S = S 0 S 1 · · · S r = S of descendants of S that ends in S such that each intermediate semigroup is a child of the preceding one in the sequence. That is, S i (1 ≤ i ≤ r) is obtained from S i−1 by removing a primitive that is no smaller than χ(S i−1 ). Note that χ(S i−1 ) ≥ χ(S), by Remark 2. 4 . Thus the set of left elements of S is not touched along the sequence and therefore is contained in all semigroups of the sequence.
As a consequence of the preceding lemma and Remark 2.1 we get the following: We will complete the proof by constructing a chain of ancestors of S that ends in S. Assume that S = S (if S = S , there is nothing to prove).
Note that S \ S ⊆ [χ(S), F(S )], since up to F(S) the semigroups coincide by hypothesis and both semigroups contain all integers greater that F(S ), by the claim just proved. Thus S \ S = [χ(S), F(S )] \ S . Thus, F(S ) = max(S \ S ), and S = S ∪ {F(S )} is the parent of S . If S = S, then the process ends; otherwise it can be continued with S replacing S . This is a finite process since S \ S is finite.
The previous proposition has various interesting consequences.
Corollary 5. 9 . If S is a numerical semigroup such that gcd(L(S)) = 1, then L(S) S.
Proof. Take S = L(S) in Proposition 5.8.
The following corollary gives a way to construct descendants with bigger left embedding dimension (when it is possible).
Corollary 5. 10 . Let S be a non-superficial numerical semigroup and let p be a prime integer non smaller than χ(S). Then T = L(S) ∪ {p} S.
Proof. As S is non-superficial, L(S) contains some positive integer. Now observe that a positive integer is coprime to any prime greater than it. Thus L(S) ∪ {p} is a set of globally coprime positive integers and therefore T is a numerical semigroup. If T = S, nothing remains to be proved. Otherwise, the result follows from Proposition 5. 8 .
A numerical semigroup has finitely many descendants if and only if its left elements are globally coprime, as stated by Bras-Amorós and Bulygin. The following arguments, included for the sake of completeness, constitute a proof of this fact, which is then stated as a proposition.
Let Note that H is finite if and only if L(S) is a numerical semigroup. Consequently, if gcd(L(S)) = 1 (equivalently, L(S) is not a numerical semigroup), then S has infinitely many descendants.
On the other hand, since any descendant of S contains L(S) (by Lemma 5.6), the number of descendants of S can not exceed the number of numerical semigroups containing L(S) , which is finite if gcd(L(S)) = 1. We have thus proved the following result. Suppose that gcd(L(S)) = 1. Suppose in addition that H = ∅. Note that the Frobenius number of L(S) is max(H); denote it by f . The semigroup L(S) f ∈ ∆(S) is a descendant of S. Thus, its child L(S) f \ {f } is a descendant of S. Observing that this child is precisely L(S) , we can write the following consequence of the arguments used to prove the proposition above.
Corollary 5. 12 . If gcd(L(S)) = 1, then L(S) S. Furthermore, the genus and the conductor of L(S) are, respectively, the maximum among the genera and the maximum among the conductors of the numerical semigroups S such that S S.
As there are only finitely many numerical semigroups with a given conductor or a given genus, one immediately gets the following corollary.
Corollary 5. 13 . Let S be a numerical semigroup such that gcd(L(S)) = 1. Then there is no bound for the conductors nor for the genera of the descendants of S.
The semigroup L(S) (numerical or not) has no big primitives. Thus, the following holds:
Remark 5.14. The numerical semigroup L(S) has no descendants.
Next we give another easy remark that is worth to keep in mind.
Remark 5. 15 . Let S be a numerical semigroup. The following equivalences hold.
S is a leaf ⇐⇒ S = L(S) ⇐⇒ P(S) = LP(S).
Proposition 5. 16 . Let S be a numerical semigroup such that gcd(L(S)) = 1, and suppose that S is not a leaf. Let S be a descendant of S and let T = L(S) . If S = T , then (1) Ω(S ) < Ω(T );
(2) χ(S ) < χ(T );
(3) e(S ) > e(T ).
Proof. (1) and (2): By Remark 5.6, T ⊆ S , thus Ω(S ) ≤ Ω(T ) and χ(S ) ≤ χ(T ). As equality of the genera or the conductors would force equality of the sets, we conclude that the inequalities have to be strict. 
Trimming the whole tree
Although the ideas presented here can be easily adapted to other results, only three properties (with parameters) will be considered. These properties, defined in the first subsection, are motivated by the results presented in Section 4. The mission of the parameters is to keep the paper actual even if the theorems are proven with bigger parameters. From an experimental point of view, it makes sense to code using these parameters.
Cutting semigroups for properties on numerical semigroups are introduced in the second subsection. They are semigroups that satisfy the properties in cause, so as all their descendants do.
The remaining part of this section explores how to trim the semigroups tree to avoid the cutting semigroups. Rather than treating this aspect in a unified section we made the choice of devoting a separate subsection to each of the three properties considered. By doing so, one can have an exposition avoiding the need to keep in mind results that are not really needed at the time. This can be an advantage in a first reading. One can see disadvantages, one of them being the repetition of the structure of some subsections and of some arguments.
Some experiments shall appear in [15].
Some properties.
A generic property on numerical semigroups will be denoted by P.
Occasionally we will denote the fact that a numerical semigroup S satisfies the property P by S |= P. Next we define the three properties (with parameters) considered in this text.
Definition 6.1. Let S be a numerical semigroup and let g be a positive integer. We say that S has the property G g if its genus is no greater than g, that is, S |= G g ⇔ Ω(S) ≤ g.
The following definition is motivated by Theorem 4.3.
Definition 6.2. Let be a positive real number. We say that S satisfies H if χ(S) ≤ m(S).
In symbols, S |= H ⇔ χ(S) m(S) ≤ . Note that semigroups satisfying H 3 are the generic ones. We will occasionally refer to semigroups that satisfy H as -depth semigroups or, more vaguely, when is understood, as small depth semigroups. We refer to numerical semigroups that are not of small depth (that is, satisfy χ(S) m(S) > ) as being of large depth. Next we present a definition motivated by Theorem 4.4. Recall that the embedding dimension of a numerical semigroup is no bigger than its multiplicity. Numerical semigroups satisfying D κ will sometimes be referred to as κ-large density semigroups or simply as semigroups of large density. Semigroups whose density is not large (that is, satisfying m(S) e(S) > κ) are said to be of little density. One can obtain new properties by using conjunctions of the properties just defined. The next example illustrates possible uses of the properties defined and some of its conjunctions. 
6.2.
Cutting semigroups and trimmed trees. Cutting semigroups will be used to trim the classical tree of numerical semigroups of those branches that are guaranteed not to contribute for the problem under consideration. Note that when a node is cut off, all its descendants are cut off as well -this gives an indication on how to define cutting semigroups: there must be some kind of heredity.
Definition 6.5. Let P be a property on numerical semigroups. A numerical semigroup S is said to be a cutting semigroup for P if itself and all its descendants satisfy the property P.
In symbols: S is a cutting semigroup for P if S S ⇒ S |= P.
In other words, a numerical semigroup S is a cutting semigroup for a property P on numerical semigroups if S satisfies P and all the descendants inherit this property from S. The terminology P-cutting semigroup will also be used.
The following remark follows immediately from the definition. Remark 6. 6 . A leaf is P-cutting semigroup if and only if it satisfies the property P.
Having at hand the tree represented in Figure 2 is perhaps advantageous to better follow the next concrete example, which aims to contribute to better understanding the concept. Example 6.7. Suppose that one is interested in computing the set of semigroups of genus 11 (or simply its cardinality). While exploring the numerical semigroups tree, the node labelled S = 5, 8, 11, 12, 14 is reached at some point, since S has genus 7. This last assertion can be easily verified by hand and confirmed by using GAP, as in the following GAP session. gap> s := NumericalSemigroup (5, 8, 11, 12, 14) ;; gap> Genus(s); 7 The numerical semigroups of genus 11 in the subtree rooted at S are 5, 8, 19, 22 and 5, 8, 17 . The semigroup S 1 = 5, 8, 11, 14, 17 is among the descendants of S (in fact,
But the genera of the descendants of S 1 are smaller than 11, since the maximum is attained at the numerical semigroup generated by the (coprime) left primitives 5, 8, 11 of S 1 , as can be seen analysing Figure 2 . Note that this is just a consequence of Proposition 5. 11 .
gap> Genus(NumericalSemigroup (5, 8, 11) ); 10 As the genus of 5, 8, 11 is 10, there is no need to consider neither S 1 nor its descendants to determine the numerical semigroups of genus 11. S 1 is a cutting semigroup for the property G 10 : "has genus smaller than 11".
The idea presented in the above example will be formalized below, in Section 6.3. Definition 6.8. Let P be a property on numerical semigroups. The P-trimmed tree is the subtree of the classical tree of numerical semigroups consisting of the numerical semigroups that are not P-cutting.
On the absence of possible confusion concerning the property in cause or when referring to a generic property, when referring P-cutting semigroups or the P-trimmed tree, the P may be omitted.
The concepts of trimmed tree and cutting semigroups may be used with various purposes, as will be clear from what remains in the present text. For instance, observing that the P-trimmed tree contains all numerical semigroups that do not satisfy P (it also contains those numerical semigroups that have some descendant that does not satisfy P), it can be used to count the non-P-cutting semigroups.
Another, possibly more, inspiring example follows. Suppose that one is interested in finding numerical semigroups that do not satisfy a property Q. If one takes Q as the property "is Wilf", the aim is finding a counter example for Wilf's conjecture. Then, assuming that the search is done by exploring the classical tree of numerical semigroups, one can cut the nodes corresponding to cutting semigroups for some property P that implies Q, without loosing any counter-example. Continuing the inspiring example: taking Q as the property "is Wilf", one can, for instance, take P as "has 3-large density" (see Theorem 4.4) or is generic (see Theorem 4.3). 24 6. 3 . Avoiding small genera. Recall that, for a positive integer g, we say that a numerical semigroup S satisfies the property G g if Ω(S) ≤ g. From the definition of cutting semigroup for some property it follows that a numerical semigroup is a cutting semigroup for G g if and only if neither its genus nor the genus of any of its descendants is greater than g.
The following proposition characterizes G g -cutting semigroups in terms of the semigroups generated by their left elements. Proposition 6. 9 . Let S be a numerical semigroup and let T = L(S) be the semigroup generated by its left elements. Then S is a G g -cutting semigroup if and only if T is a numerical semigroup and Ω(T ) ≤ g.
Proof. If S is a G g -cutting semigroup, then T must be a numerical semigroup, since otherwise S has descendants with genus greater than g, by Corollary 5. 13 . But then, by Proposition 5.8, T is a descendant of S. From the definition of G g -cutting semigroup, it follows that T satisfies G g , that is, Ω(T ) ≤ g.
For the converse, assuming that T is a numerical semigroup such that Ω(T ) ≤ g, we prove that if S S, then Ω(S ) ≤ g. If S is a descendant of S, then T ⊆ S , by Lemma 5. 6 . This implies that Ω(S ) ≤ Ω(T ) ≤ g.
The property G g permits to take advantage of computations formerly done. For instance, when looking for the number of numerical semigroups of some genus bigger than 70 (notice the connection with Challenge 3.6), G 70 -cutting semigroups can be cut off. This, allied to the fact that the number of numerical semigroups is known for genera non greater that 70 (Remark 3.4), reduces the number of computations needed.
Whether this theoretical approach leads to computational advantages depends on the capability of checking if a numerical semigroup is G g -cutting with low computational cost. Notice that Proposition 6.9 reduces the problem to computing a greatest common divisor of the left elements and, if it is 1, checking whether the genus of the numerical semigroup generated by the left elements does not exceed a certain number. Although possibly faster than computing the genus, this may be a highly time consuming task (see Section 8 for some further comments). We do not know how to avoid these extra computations if one aims to trim the tree for the property G g . 6.4 . Avoiding generic semigroups. Recall that, for a positive real number , S is said to satisfy H if χ(S) ≤ m(S). Generic semigroups are the 3-little depth ones.
It follows from the definition that a numerical semigroup S is a cutting semigroup for H if and only if neither the conductor of S nor the conductor of any of its descendants with the same multiplicity is bigger than m(S).
The following proposition characterizes the H -cutting semigroups in terms of the semigroups generated by their left elements. Its statement and proof are analogous to those of Proposition 6.9. Proof. If S is a H -cutting semigroup, then T must be a numerical semigroup, since otherwise S would have descendants with conductor larger than m , by Corollary 5. 13 . But then, by Corollary 5.9, T is a descendant of S and therefore is a H -cutting semigroup. 25 Conversely, assume that gcd(L(S)) = 1 and that T is a H -cutting semigroup. This implies that χ(T ) ≤ m(S). By Proposition 5.16 , the conductor of any descendant of S is no bigger than χ(T ). Thus S is H -cutting, by definition.
Similar comments to the ones made at the end of Section 6.3, concerning the property G g , can be made: whether this theoretical approach leads to computational advantages depends on the capability of checking if a numerical semigroup is H -cutting with low computational cost. Notice that Proposition 6.10 reduces the problem of determining H to computing a greatest common divisor and checking whether the conductor of a semigroup does not exceed a certain bound. Computing the conductor is well known to be hard (see [31] ). Although possibly faster than computing the conductor, testing whether the conductor does not exceed a certain bound can in practice be highly time consuming. Some further comments are in Section 8.
As the H 3 -trimmed tree contains all non-generic semigroups, trimming the classical tree of numerical semigroups for H 3 may be used with various purposes related to the challenges presented in Section 4.5:
• count non-generic semigroups (and therefore the generic ones) ( 4.3) -Section 6.5 provides a seemingly much more efficient way. 6 . 5 . Avoiding κ-large density. Let κ > 1 be a real number. Recall that a numerical semigroup S is said to satisfy D κ if e(S) ≥ m(S)/κ. Informally, we refer to it by saying that S has κ-large embedding dimension. It follows from the definition that a numerical semigroup is a cutting semigroup for D κ if and only if neither the embedding dimension of S nor the embedding dimension of any of its descendants with the same multiplicity is smaller than m(S)/κ. Since a superficial semigroup is ancestor of any superficial semigroup with bigger multiplicity, there is no loss of generality in supposing that m ≥ 2κ + 1, and the result is proved.
Now that we know that superficial semigroups are not D κ -cutting, a full characterization of the D κ -cutting semigroups is obtained by treating the case of non-superficial numerical semigroups. If S is a leaf, then the result follows from Remarks 5.15 and 6. 6 . Assume now that S is not a leaf. a): As gcd(L(S)) = 1 and S is not a leaf, Corollary 5.12 guarantees that T = L(S) descends from S. By Remark 5.3, we have e(T ) = le(S).
If S is D κ -cutting, then any descendant of S satisfies D κ , by definition. In particular, T satisfies D κ , and therefore le(S) = e(T ) ≥ m(T ) κ = m(S) κ . Conversely, assume that le(S) ≥ m(S) κ , and let S be a descendant of S. By Corollary 5.7, e(S ) ≥ le(S), and therefore S satisfies D κ .
b):
As gcd(L(S)) = 1, we have that e(S) > le(S), since otherwise S would not be a numerical semigroup. Assume that le(S) ≥ m(S) κ − 1 (which implies that S satisfies D κ ), and let S be a descendant of S.
As LP(S) ⊆ P(S ), by Corollary 5.7, and the left primitives of S are not globally coprime, we have that e(S ) ≥ le(S) + 1.
Thus e(S ) ≥ le(S) + 1 ≥ m(S) κ − 1 + 1 = m(S) κ = m(S ) κ , and S satisfies D κ . As S also satisfies this property, we conclude that S is a D κ -cutting semigroup. The reader has probably already gained the intuition that trimming for D κ is quite efficient in the sense that many semigroups are cut. Although the most probable existence of few non-D 3 semigroups (as suggested in Section 4.4) does not lead to infer immediately that many semigroups are cut when trimming the tree, we believe that this intuition is correct. Figure 5 helps to have a pictorial indication on this direction. The figure consists of two trees (with the roots drawn to the right). The leftmost shows the (shape of the) first three levels of the tree rooted at O 14 (and considering only the semigroups with multiplicity 14, as usual); the picture to the right is the corresponding D 3 -trimmed tree.
The difference in the efficiency occurs in two ways: one is in the sense that many semigroups are cut; the other one is that, contrary to what happens in the two previous sections (where the trimming depends on computing genus or conductors of numerical semigroups), it is easy to determine if a numerical semigroup is D κ : one just has to compute the cardinality of a known finite set. Figure 5 helps to have a pictorial indication that this intuition is correct. To the left there are drawn (from left to right) the first three levels of the tree rooted at O 14 (and considering only the semigroups with multiplicity 14, as usual); the picture to the right is the corresponding D 3 -trimmed tree. 
Trimming the truncated tree
Let Γ be a positive integer, which we can think of as the maximum genus to be considered. We want to explore a search space of the form S ≤Γ , that is, as referred in Section 3.2, a finite tree T Γ obtained from the numerical semigroups tree by truncating at level Γ (which amounts to not considering numerical semigroups with genus greater than Γ).
The search space S ≤Γ is the one used when counting semigroups by genus. When some property has to be tested one considers as initial search spaces the trimmed trees obtained as in the previous section and then truncate them at level Γ. The notion of cutting semigroup is then adapted to this search space.
Explaining how considering a (trimmed) truncated tree rather than the whole tree can lead to further trimming is the goal of this section. 7 . 1 . Contribution of truncated trees rooted at superficial semigroups. In practice, if one wants to explore the classical tree of numerical semigroups, one can run the tree exploring process in parallel.
Assume that, having counting in mind, one wants to explore the tree up to genus Γ, that is, one wants to explore the finite tree T Γ and count the number of nodes explored. By the construction of the classical tree of numerical semigroups made in Section 2.2, the subtrees rooted by distinct superficial semigroups have no common nodes, thus one can parallelize the process of exploring the tree by launching one process for each T m . As the root O m of T m has genus m − 1, and all the other semigroups in this tree have bigger genus, we may assume the m is not greater than Γ + 1.
With some obvious adaptations, the above arguments on parallelization hold if one wants to test a given property up to a certain genus -in that case, one should consider trimmed trees instead.
We can concentrate on exploring the trees T m (which consists, by construction, of the numerical semigroups of multiplicity m), and assume that m > 1.
Denote by T Γ m the finite tree obtained from T m by cutting the semigroups of genus greater than Γ. The aim of the comments that follow is to help the reader gain some intuition on the shape of T Γ m . Recall that T m is the tree rooted O m whose nodes are the numerical semigroups of multiplicity m. Since the number of children of O m with multiplicity m is m − 1, we have that the number of nodes in the second level of T m is m − 1. In particular, this number grows with m. One can then consider the grandchildren and one expects that the number of nodes in the third level continues growing with m, etc. Intuitively, the width of T m grows with m, that is, the larger is the multiplicity, the fatter is the tree. The root of T m , O m , has genus m − 1. The paths in T m connecting the root and the semigroups of genus Γ have length Γ − m. These are the paths of maximum length in T Γ m . Thus, the larger is the multiplicity, the shorter are the paths of maximum length. Intuitively, the larger is the multiplicity, the shorter is T Γ m . The trees to be explored go, by letting m increase, from thin and tall to fat and short. A natural question is: "What is the contribution of each subtree (that is, of each multiplicity) to the total number of semigroups of a given genus?".
Perhaps not surprisingly (after the intuition gained from the above comments), experiments (see [15] ) suggest that the multiplicities that contribute the most are around 2Γ/3. Table 2 shows the data for genus 55.
From this table we made Figure 6 , which conveniently illustrates what we said. In [15] one finds a collection of numbers of the form N (m, g). We can use some to observe that the inequality 2g < 3m in the statement of Theorem 7.1 is not replaceable by the nonstrict corresponding inequality, which shows that one can not expect a better result in this direction. Take g = 54 and m = 2 × 54/3 = 36. We have Let us now see how to take advantage of Kaplan's result in the process of counting numerical semigroups of a given genus.
Observe that to compute the number of numerical semigroups of a certain genus Γ by exploring the numerical semigroups tree, all the numerical semigroups of genus lesser than Γ are also explored. The same happens when only numerical semigroups with some fixed multiplicity are considered (which corresponds to explore some T m ). Thus, counting the numerical semigroups (with some fixed multiplicity) of genus Γ or up to that same genus requires roughly the same computational effort. Suppose that our goal is to compute the number N (Γ) of numerical semigroups of genus Γ, for some positive integer Γ.
Note that if m ≥ g, then N (m, g) = 0, since for a numerical semigroup S, Ω(S) ≥ m(S)−1. It follows that N (Γ) = m≥2 N (m, Γ) = 2≤m≤γ+1 N (m, Γ). We will split the computation of N (Γ) in two parts:
2Γ/3<m≤Γ+1 N (m, Γ) First we compute N (m, g) for all integers m and g with 2 ≤ m ≤ 2Γ/3 and 1 ≤ g ≤ Γ. This is a time consuming computation, but, as observed above, can be performed in roughly the same time than just computing N (m, Γ) for the various m. Next we compute Σ 1 = 2≤m≤36 N (m, Γ). Assume that it is done. Next we will make use of Theorem 7.1 to compute Σ 2 . As m > 2Γ/3, we can compute the numbers N ( 2Γ/3 , g), for 1 ≤ g ≤ Γ, by computing the sums N ( 2Γ/3 − 1, g − 1) + N ( 2Γ/3 − 1, g − 2), for each g. (Observe that it is really needed to compute N ( 2Γ/3 , g), for 1 ≤ g ≤ Γ, and not just compute N ( 2Γ/3 , Γ). For instance, one needs to know N ( 2Γ/3 , g − 1) and N ( 2Γ/3 , g − 2) to compute N ( 2Γ/3 + 1, g).)
Thus, computing Σ 2 amounts to compute a number of sums, which is achieved in a negligible amount of time. But, contrary to the time required to compute it, the parcel Σ 2 is not negligible in general. That is clearly the case for Γ = 55: Example 7.2. Let Γ = 55. Note that 2Γ/3 = 37 and use the notation Σ 1 and Σ 2 as above.
From Table 2 we see that Σ 2 = 585 162 065 779, the last entry of the bottom line of the table.
It exceeds the number Σ 1 = 556 978 671 080, obtained by summing up the two remaining numbers of the same line.
The choice of the number 55 for the above example is due to the fact that it is the biggest number for which we presently have complete data. And this data suggests that, also for genera bigger than 55, about half of the numerical semigroups are counted without time consumption.
Concluding remark. Assume that one can count up to genus Γ in a certain prescribed time, without benefiting of the reduction provided by Theorem 7. 1 . With this reduction one would be able to count up to genus Γ + 1 with a non greater computational effort. A naive justification follows: note that N (Γ + 1) ∼ 1.61N (Γ), but only about half of the N (Γ + 1) need to be explored. The remaining half do not need to be explored, and counting them on require some sums, which can be done with almost no time consumption. 7 . 3 . Counting non-generic semigroups. Recall that generic numerical semigroups are those satisfying the property H , with = 3. Most arguments in this section hold when is a positive integer.
Recall that a numerical semigroup is H -cutting if neither itself nor any of its descendants satisfies χ > m. Let us adapt this definition to the truncated tree: a numerical semigroup in the H -trimmed tree is H Γ -cutting if none of its descendants with genus not greater than Γ (that is, belonging to the Γ-truncated tree) satisfies χ > m. In other words, a numerical semigroup S such that none of its descendants S with Ω(S ) ≤ Γ satisfies χ(S ) > m(S) can be cut off. Proof. By Remark 2.2 we have that χ(S) ≤ 2 Ω(S). As, by hypothesis, we have that Ω(S) ≤ Γ we conclude that χ(S) ≤ 2Γ. It follows that m(S) ≥ 2Γ/ ≥ χ(S)/ , and therefore χ(S) ≤ m(S).
Taking = 3, we get the following: So, if we are interested in counting non-generic semigroups up to a given genus, we can parallelize by multiplicity as above and, again, we do not need to consider multiplicities greater than 2Γ/3.
Location of generic / non-generic semigroups.
Let O m be the superficial semigroup with multiplicity m. Let S be a descendant of O m with the same multiplicity, that is, m(S) = m. As usual, write, respectively, Ω and χ for the genus and the conductor of S. Recall from Remark 2.2 that χ /2 ≤ Ω. Note that if m ≥ 2, then Ω ≤ χ −1. The following remark says, in particular, that the descendants of O m that are not known a priori to be generic or not are those in the strip of semigroups of genus in the interval ]3 m /2, 3 m[ (that is, the strip between level 3 m /2 and 3 m.)
Remark 7. 5 . In the tree rooted by the superficial semigroup of multiplicity m ≥ 2, all the semigroups up to genus 3 m /2 are generic, and all the semigroups with genus non smaller than 3 m are non generic. can be cut off. To test Wilf one only has to consider the T m with 19 ≤ m ≤ 60. 7 .5. Further trimming. The above ideas can be extended to trim inner nodes. We limit the discussion here to a simple, but important, case: that of trimming the tree for the property D.
For any integer m > 2, T m can be thought as the disjoint union of some of its subtrees, in the same way we saw the classical tree of numerical semigroups as the disjoint union of subtrees rooted by superficial semigroups. Recall that this is convenient for exploring in parallel. We then observe that, for a fixed Γ, some of the subtrees consist of D Γ κ -cutting semigroups and therefore do not need to be explored.
Let m ≥ 2 be an integer. In practice, m is one of the multiplicities to be considered for computations, following Section 7. 4 . In addition, the associated tree consists of a large number of semigroups (see Section 7.1).
To a nonnegative integer i associate the set I i obtained from the interval of m consecutive integers starting in m + i + 1 by removing the multiple of m in that interval, that is,
Then, consider the numerical semigroup S i = {m} ∪ I i . Note that S 0 is just the superficial semigroup with multiplicity m. Next we state a simple remark.
As a consequence, each semigroup S i (i ≥ 1) in the path S 0 , S 1 , . . . , S k is obtained from the preceding semigroup by removing the leftmost big primitive (which happens to be the smallest primitive besides the multiplicity). Also, if i > Γ − m + 1, then S i does not belong to T Γ . Proof. Let s be a decomposable element of S i , that is, s can be written as a linear combination with nonnegative integer coefficients of at least two elements in {m} ∪ I i . If the linear combination involves an element of I i , then s is bigger than the maximum of I i (since I i has length m). Otherwise, s is a multiple of m bigger than m. In either case we have that s ∈ {m} ∪ I i .
Denote by T m,i the subtree rooted at S i , trimmed of the semigroup S i+1 . (Notice the similarity with T m , where the child O m+1 of the root was not considered in the construction of the tree.) Then T m is obtained by adding edges S i −→ S i+1 to the forest formed by the trees T m,i .
Suppose that we want to explore T m up to genus Γ, and trim it for D Γ κ . We proceed as in the proof of Proposition 7. Thus we can state the following: Remark 7.12. With the above notation, if i ≥ Γ + 1 − 5m/3 , then S i is D Γ 3 -cutting. 34 The following example illustrates the consequences for the genus 100 case. Various multiplicities are considered.
Example 7. 13 . m = 30: Note that Ω(S 71 ) = 100. As 101 − 5 × 30/3 = 51, the semigroup S 51 in T 100 30 can be cut of. Note that if we want to explore T 100 30 in parallel by attributing each T 100 30,i to a processor, there is no need to consider the T 100 30,i with i ≥ 51. m = 40: Note that Ω(S 61 ) = 100. As 101 − 5 × 40/3 = 101 − 70 = 31, thus the semigroup S 31 in T 100 40 can be cut of. m = 50: Note that Ω(S 51 ) = 100. As 101 − 5 × 40/3 = 101 − 84 = 17, thus the semigroup S 17 in T 100 40 can be cut of. Adapting the ideas of Section 7.3 to trim T m for the property H is equally easy and is left to the reader.
A few technical details
This section aims to give some indication on how to apply in practice the ideas previously developed. It has some computational flavour, without entering into too many technical details. Implementations will be open source, and part of [14] .
Assume that the (big) primitives are known throughout the computations. This may seem not to be a reasonable assumption, since when removing a big primitive the set of big primitives must be recomputed (a time consuming task), but on the other hand, we found no way to avoid this aspect. 8 . 1 . On the determination of skilled big primitives. Let P be a property on numerical semigroups. A P-skilled primitive of a numerical semigroup S is a big primitive p ∈ S such that S \ {p}, the semigroup obtained by removing p, is not a P-cutting semigroup.
Skilled primitives are the big primitives that have the skills to produce non-cutting semigroups. They serve the purpose of getting rid of the cutting semigroups when the semigroups tree is explored (possibly motivated by the search of counter-examples). Conceptually, these ideas are quite nice, since, when applied, less is left to be explored. But they are only of practical interest if one finds some way of determining the skilled primitives that compares favourably to the complete exploration, in terms of processing time. The remainder of this section deals with the determination of skilled primitives for the properties formerly introduced.
The following proposition is an immediate consequence of the characterization for the D κ -cutting semigroups given by Proposition 6.12. (2) if gcd(L(S)) = 1, then sk(S) = p i ∈ BP(S) | i < m(S) κ − 1 . In practice, one can efficiently determine the D κ -skilled primitives, since BP is known at each step of the computations.
One has similar results for the sets of H -skilled primitives and for the G g -skilled primitives. These are consequences of Propositions 6.10 and 6.9, respectively. (2) if gcd(L(S)) = 1, then all the big primitives of S are skilled.
One may immediately suspect that determining the H-skilled or the G-skilled primitives is much harder than determining the D-skilled ones. At first sight one has to determine the conductor or the genus of the semigroup generated by the left elements, which may be big, even when only small primitives (recall the case of semigroups generated by 2 elements: the conductor approaches the product of the generators (by Sylvester's formula))! Fortunately, the determination of the conductor or of the genus is not really needed and the results below can be used. Check also Example 8. 6 .
Computing the conductor of a numerical semigroup given through a set of generators is well known to be hard (see [31] ). When a good upper bound is known in advance, the problem turns out to be less time consuming. When it is the case, Corollary 8.5 can be applied. In order to prove the converse, suppose that χ( S k+m −1 ) ≤ k. Then all the integers t such that k ≤ t < k + m belong to S, which forces all the integers non smaller than k to belong to S. Corollary 8. 5 . If χ( S k+m −1 ) ≤ k, then χ(S) = χ( S k+m −1 ).
When one just wants to know whether the conductor is smaller than a certain given quantity, one may profit of Lemma 8.4 to get a speed up, by proceeding as illustrated in the following example.
Example 8. 6 . Let S = G be a numerical semigroup given through a set G of generators. In order to test whether the semigroup G satisfies χ( G ) ≤ 3 m (that is, to check if S is generic), it suffices to check whether χ( G 4 m ) ≤ 3 m. This amounts to verify whether {t | 3 m ≤ t < 4 m} consists of elements in G + G + G + G (that is, of elements with factorization lengths no bigger than 4).
Computing the genus of a numerical semigroup from a set of generators is hard (as is computing the Frobenius number). For our purposes, a similar strategy to the above one for the conductor (and making use of it too) may be useful.
Lemma 8. 7 . Let S be a numerical semigroup with multiplicity m, let g be a positive integer and let T = S 2g+m . Then Ω(S) ≤ g if and only if Ω(T ) ≤ g. 36 Proof. From S ⊆ T it follows that Ω(S) ≥ Ω(T ). It follows that if Ω(S) ≤ g then Ω(T ) ≤ g.
For the converse, note that if χ(S) ≤ 2g + m, then S = T and nothing has to be proved in this case. If χ(S) > 2g + m, then χ(T ) > 2g. But then Ω(T ) > g, by Remark 2.2, and consequently Ω(S) > g.
The following remark is just meant to illustrate a kind of results that one can obtain to speed up computations. It says that in numerical semigroups having some very large primitive all big primitives are H -skilled.
Remark 8. 8 . Let S be a non-superficial numerical semigroup and let g = max(P(S)). If g > ( + 1) m(S), then no descendant of S is a H -cutting semigroup.
Proof. Let S be a numerical semigroup such that S S. Note that, as S is non-superficial, m(S ) = m(S). If χ(S ) > m(S), then S is non H -cutting. If χ(S ) ≤ m(S), then g is a big primitive of S , and therefore S = S \ {g} is a descendant of S (and of S). As χ(S ) > g > ( + 1) m(S), we have that S does not satisfy H and therefore S is not H -cutting. 8 . 2 . Encoding with redundancy. To compute with numerical semigroups one needs to encode them in some way. Fromentin and Hivert [26] did the space complexity analysis for the case of the encoding they used (which had some redundancy). For any reasonable encoding, the memory used to explore in a depth first manner the tree of classical numerical semigroups (up to a given level) stays beyond a not too high bound. As a consequence, one can use some encoding with redundancy without entering into memory problems as the tree is being explored. Although the primitives suffice to encode the semigroup, one may wonder on why not keep storing other data that can be computed at a low computational cost (which is redundant, in what concerns the description of the semigroup, but can be used to speed up computations)? For instance, storing the number of left elements, the number of primitives and the conductor can be done at a very low computational cost. This data can be used to compute the Wilf number. Other data, for instance to speed up the test of whether the new primitive candidate is in fact primitive, can also be stored.
Thus, one can count, test Wilf, 0-Wilf and Eliahou at a cost that is not much higher than just counting. Our experiments suggest that all the referred tests can be done using this strategy in about three times the time required for just counting. Now we are in a position to summarize and better justify the great efficiency one finds when dealing with the property D κ , opposed to the one found for the other properties, as pointed out along the present text.
The left embedding dimension can be computed at a low computational cost from the data mentioned above. Thus, trimming the tree for D κ is not costly. And the number of semigroups is drastically reduced, as suggested by Table 1 (see also Figure 5 ).
There is a major drawback in what concerns the other properties considered. I have not been able to efficiently do some computations involving the semigroups generated by left elements. It is the case of checking whether the conductor or the genus of the semigroup generated by the left elements stay below certain bounds, for instance.
